We interpolate between idempotents in the Hecke algebras associated with the Grassmann representation over different local fields. Consequently, we obtain a bijection between some irreducible representations geometrically defined for all local fields.
Introduction
This paper is concerned with relationships between the archimedean and nonarchimedean places of a number field. Since the early works of Weil, Artin, Iwasawa, Tate [1] and later Langlands, much evidence accumulated to show that representation theory of groups over the local fields is intimately related to the arithmetic of a global field. It is within the framework of representation theory that the sought after relations between the local fields will be discussed here.
Let F be a local field. F can be either archimedean (R or C) or non-archimedean (Laurent series over finite field or a finite extension of Q p ). For F non-archimedean let O denote the ring of integers. Let K F be the maximal compact subgroup of GL n (F). The latter can be O(n) for a real place, U(n) for a complex place, or GL n (O) for a non-archimedean place. In this paper we focus on a special representation of K F , the Grassmann representation, which arises from its natural action on X F m = Gr(m, n, F), the set of m-dimensional subspaces of a fixed n-dimensional space over F. The natural representation space is L 2 (X F m ) or its dense subspace of smooth functions S(X F m ). As far as the decomposition to irreducibles is concerned there is no difference between the two spaces. To define the L 2 structure we use the fact that the action of K F on X F m is transitive, and the measure on X F m is taken to be the projection of the normalized Haar measure from the group. For all local fields the following decomposition holds:
Theorem 1 (James-Constantine, Hill) For any local field F and any m ≤ Proof. See [2] for the archimedean places and [3] for the non-archimedean places.
2
Let {U F λ } λ∈Λm be the irreducible representations which occur in L 2 (X F m ). In view of the independency of the labeling set on the field, it is natural to ask the following question:
when F runs over all local fields?
Our goal is to address this question. One of the main tools which will be used is the Hecke algebra of intertwining operators H 
is given by the projection of the Haar measure from the group and described explicitly in §2.1 and §2.2. For all local fields this algebra is commutative, thus establishing the first part of Theorem 1. The minimal idempotents of the algebra are computed in [2] for archimedean places and in [4] for nonarchimedean places. Proof. See [2] for the first part and [4] for the second part.
2
Interestingly, geometry plays a crucial role in both cases; geometrically defined operators which commute with the group action are enough to separate representations. In the archimedean case it is the Laplacian on the Grassmann manifold, whereas in the non-archimedean case a family of discrete averaging operators plays the same role. The identical parametrization of irreducibles for all places is reflected by the same parametrization of idempotents in the Hecke algebras for the different local fields. To show the link between the irreducibles labeled by the same partition for the different fields, we shall use the quantum Grassmannian using the following scheme. Each of the Hecke algebras H 
These will be 'interpolated' by similar objects which arising in the quantum complex Grassmannian U q (n)/U q (m) × U q (n − m) (a detailed discussion appears in [5] ). The objects which will be used are space measure zonal spherical functions
The zonal spherical functions which occur in the quantum Grassmannian are the multivariable little q-Jacobi polynomials {E q,α,β,γ λ } λ∈Λm [5, 6] . They are defined on the lattice q Λm+ρ ≃ Λ m , and they are orthogonal with respect to the q-Selberg measure [7, 8, 9, 10] . By taking appropriate limits, the q-objects will interpolate between the objects related to the local fields. we shall use two kinds of limits. The non-archimedean limit (q → 0) is essentially a specialization of the parameters in the q-measure and q-functions which gives the nonarchimedean measures and functions. The space itself remains the same. In the archimedean limit (q → 1), the space q Λm becomes dense in the archimedean space ( §2.2), and the atomic q-Selberg measure approximates the continuous Selberg measure, which is the measure appearing in the archimedean case.
Related works
Interpolation between p-adic and real zonal spherical functions using q-special functions has already been established in many instances. For PGL 2 , the zonal spherical functions which occur in the principal series of the groups PGL 2 (R) and PGL 2 (Q p ), are all limits of q-ultraspherical polynomials (see [11] for the p-adic limit and [12] for the real limit). The p-adic limit of the higher rank case appeared in [13, 14] , whereas the real limit was prooved by Koornwinder 1 . For compact groups, evidence for such interpolation appeared in the work of Haran [15] for the case of the maximal compact subgroup of GL 2 and its action on the projective line. This was further generalized by Porat [16] to GL n and its action on the projective space.
Organization of the paper and notations
The paper is organized as follows. In section §2 we describe the Grassmann representation in its various appearances: the non-archimedean, archimedean and quantum. In this section we describe the ingredients for carrying out the above plan, with the necessary adjustments and complements. In section §3 the ingredients are glued together to give the main theorems of this work. In §4 we discuss possible extensions of this work.
Notations:
We shall follow the notations of [13] ; partitions are denoted by Greek letters and are identified with the corresponding Young diagrams. For a partition λ, let λ ′ denotes the transposed diagram, |λ| = i λ i its weight and n(λ) = (i − 1)λ i . The rank of the partition is the number of its nonzero parts, and its hight is the maximal part. Two partial orders on partitions will be used. The partial order defined by inclusion of Young diagrams is denoted by ≤. The dominance order is defined and denoted by λ µ ⇐⇒ |λ| = |µ| and
For any ring A we set G(A) = GL n (A). The field F will occasionally be omitted from the notations to ease the reading. The parameters (q, t) stand for the usual Macdonald parameters. Three additional parameters α, β ∈ C, γ ∈ Z ≥0 are used, where t = q γ .
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The Grassmann representation

Non-archimedean theory
Let O be the ring of integers of a non-archimedean local field K p . Let ℘ = (π) be the maximal ideal and p the cardinality of the residue field O/℘. By the principal divisors theorem any finite O-modules is of the form
. . , λ l ) which will be referred to as the type of the module. As an example, Λ m above parameterizes all types of finite O modules with rank bounded by m. Elements in Λ m with hight bounded by k will be denoted by Λ k m . Note that λ ≤ µ in the partial order defined by inclusion of Young diagrams if and only if a module of type λ can be embedded in a module of type µ.
The non-archimedean theory enjoys the property that it is completely determined by finite quotients. More precisely, let
, the first such k is the level of the representation. In particular, the Grassmann representation admits the following filtration:
The k-th term in this filtration is in fact a representation of G(O k ), and the direct limit of this sequence is precisely the smooth part of the Grassmann representation. The (finite) space I k \X m can be canonically identified with X k m = Gr(m, n, O k ), the Grassmannian of rank m free submodules of (O k ) n . Thus, we may identify the representation space
Description of the Hecke algebra
be the Hecke algebra associated with the representation F k m . It is isomorphic to the convolution algebra
by interpreting elements of the latter as G(O k )-invariant summation kernels (see [4] for details). The G(O k )-orbit of an element (x, y) ∈ X k m × X k m is determined by the type of the intersection x ∩ y, giving rise to the identifica-
We shall later collect the results on these Hecke algebras to H m = lim − → H k m . The analysis of F k m was initiated by G. Hill in [3] , and the explicit computation of the idempotents was carried out in [4] . The algebra H k m is equipped with the following natural bases:
• {c λ } λ≤k m -Cellular basis.
• {e λ } λ≤k m -Algebraic basis (minimal idempotents).
The cellular basis is an intermediate basis, and appears to play an important role both in the non-archimedean theory and for the interpolation. It is lower triangular with respect to the geometric basis and upper triangular with respect to the algebraic basis. It is defined by:
stands for the number of submodules of type λ contained in a module of type µ.
The measure on the quotient space
The following diagram summarizes all the objects involved and the relations between them.
Here dh is easily described using the transposed Young diagrams: λ ′ j is the rank of λ/℘ j λ, and the map is given by λ
. The idempotents in the algebra H m , considered as functions onΛ m , are orthogonal with respect to the measure dh Kp . Since Λ m ⊂Λ m is an open dense subset and carries the full measure of the space (see [4] ), it suffices to restrict functions to Λ m .
. We shall drop the index q whenever q = p −1 = |O/℘| −1 .
Proposition 4
(
Proof.
(1) [k = 1]. The number of m-dimensional subspaces which intersect a fixed subspace x 0 of dimension m in a fixed subspace
The total number of m-dimensional subspaces is c = n m p
. Finally, dh 1 (λ) = ab/c and using the relation
, we obtain the desired formula.
F where x →x is the quotient map. For any module y let τ (y) denote its isomorphism type. Then for any λ ≤ k m :
The first two terms are immediate (alternatively, use the explicit formulas from [4] ), and for the third term we argue as follows. Let y 0 ⊂ f be a fixed submodule of type λ. Letx be a fixed submodule ofF of typeφ such thatf ∩x =ȳ 0 . Then
counts the number of submodules x ⊂ F of type φ which fit into the following diagram:
That is, we need to count liftings ofx which intersect f precisely in y 0 . First, observe that we may assume λ ′ k = 0. This amounts to moding out a k λ ′ k -type summand of y 0 . A second observation is that counting different liftings ofx is equivalent to deforming a fixed basis of a chosen lifting carefully. Namely, let x be a lifting ofx and let B x be a basis for x. Complete this basis to a basis B F of F . If x ′ is another lifting ofx, then it has a basis B x ′ which is a deformation of B x with elements from ℘ k−1 B F . There are in fact many such bases, however, if we deform only with elements from 
(2) Follows from:
Archimedean theory
The idempotents in the Hecke algebra associated with the real and complex fields were considered by James and Constantine in [2] . They are known as the generalized Jacobi polynomials. The infinitesimal generator of the algebra is the Laplacian defined on the Grassmann manifold. As this is the image of the Casimir element of the universal enveloping algebra, it commute with the group action, and moreover separates the irreducible components of the representation. The projection of the normalized Haar measure from K [O(n) or U(n)] to the orbits space X m × K X m is given by special values of the parameters in the Selberg measure. A parameterizing set for the latter space is {(u 1 , . . . , u m )|0 ≤ u 1 ≤ · · · ≤ u m ≤ 1}. The Selberg measure is given explicitly by (cf. [17] , [18] ):
. The fact that this is a probability measure is due to Selberg [18] . We are interested in the following specializations:
Quantum Grassmannian
The object which interpolates between the various places is the quantum Grassmannian. We refer to [10] and [9] for the measure theoretic considerations, to [6] for the spherical functions analysis and to [5] for the connection to quantum Grassmannians.
The q-Selberg measure
The q-Selberg measure is a multivariable generalization of the q-Beta measure.
There are several versions of this measure with different degrees of generality. We shall follow the version given in [10] and [9] , but in our application we essentially use the special case proved by independently by Habsieger [7] and Kadell [8] . Fix q in (0, 1), and set (x) ∞ = (x; q) ∞ = ∞ i=0 (1−q i x). Fix complex parameters α, β and γ, and let ρ = (0, γ, . . . , (m−1)γ). The q-Selberg measure is given by
where q λ = (q λ 1 , . . . , q λm ), and
(local factors)
In [10] it is proved that dS α,β,γ m,q (q λ+ρ ) is a probability measure supported on q Z m +ρ . If γ is a nonnegative integer, which is our assumption from now on, this is proved in [7, 8] . The measure in this case is supported on q Λm+ρ . 
Multivariable little q-Jacobi polynomials (Stokman BC n polynomials)
For θ = (θ 1 , · · · , θ m ) ∈ (C × ) m , let A
Remark 1
• We shall choose a normalization such that E q,α,β,γ λ
• This is a trivial modification of the definition in [6] , in which θ is trivial.
We shall use the case θ = q −2ρ .
The q-cellular basis
The quintessential ingredient for interpolating between the idempotents in the Hecke algebras, is the existence of a q-version of the non-archimedean cellular basis. In order to define it, we recall some definitions due to Okounkov and Lassalle. We shall use the standard parameters (q, t) of Macdonald, while keeping in mind that t = q γ .
Definition 6 ([19])
The shifted Macdonald polynomials {P ⋆ λ } λ∈Λm are polynomials in m variables defined by the following conditions:
In fact, it is shown in [19] that these polynomials satisfy a stronger vanishing condition, that is when the dominance order is replaced by the partial order defined by inclusion of Young diagrams ≤. This point appears to be crucial for the role they play in this work (see proposition 11). Moreover, their values at the other points are as important. These values are connected to two-parameters generalized binomial coefficients. 
where the P λ 's are Macdonald polynomials, n(λ) = m i=1 (i − 1)λ i , and the b λ 's are defined combinatorially in [21] .
The connection between the generalized binomial coefficients and the shifted Macdonald polynomials is given by:
The q-analogue of the archimedean cellular basis discussed in §2.1.1, is the following twisted and normalized version of the shifted Macdonald polynomials:
Definition 9 (q-Cellular basis) The q-cellular basis of A q −2ρ m is defined by
We are now in a position to state the main results of this work. Both of them are multidimensional generalizations of Haran's work [15] regarding interpolation between projective spaces (Grassmannians of lines) over local fields. By interpolation, we mean that the q-objects described in §2.3 have limits which are the local objects described in §2.1 and §2.2. Two kinds of limits will appear.
Archimedean limit: q → 1. The discrete space (in our case q Λm+ρ ) becomes dense in the archimedean spaces (in our case
The atomic q-measure converges to the continuous measures (in our case dh R and dh C ). For functions:
Non-archimedean limit: q → 0. All spaces are the same and remain discrete. The q-functions (hence also the measure) specialize to their nonarchimedean counterparts. More precisely, set q α := p −m , q β := p −(n−m) , q γ := p −1 and then substituting q = 0:
We now prove (the non-archimedean part of) Theorem 10 For any local field F the measure on the space X
Proof. For the archimedean places this is 'by construction'. That is, the qSelberg measure was designed to serve as a discrete approximation for the Selberg measure as q → 1. For the non-archimedean places, observe that typically from a q-shifted factorial only one term survives, e.g.
Taking the limit of the q-Selberg measure ( §2.3.1), we obtain:
Regarding the exponent of p, we should show that:
However, since λ ′ j = λ i , the last equality is reduced to:
And this equality follows from the fact that both sides evaluate the cardinality of End O (⊕O/℘ λ i ). Hence:
In [23], Koornwinder gave an alternative proof for Haran's non-archimedean limit of little q-Jacobi polynomials which admits the following generalization to the case of Grassmannians.
Proposition 11
The q-cellular basis converges to the non-archimedean cellular basis.
Proof. Using the proposition (8), definition (9) and the definition of the p -limit, we observe that:
With this in hand we can prove (the non-archimedean part of) Proof. Again, the archimedean limit works by construction. Note, that in that case the shift θ becomes trivial. As for the non-archimedean limit, we recall that the Stokman BC n polynomials are determined (up to constants) by applying Gram-Schmidt to a certain flag in A θ m (here θ = q −2ρ ). This flag is defined by the monomial basis (with respect to the variables {q −2γi x i }), but is also defined by the q-cellular basis. The idempotents basis in the nonarchimedean Hecke algebra H m are obtained by applying the Gram-Schmidt procedure to the cellular basis. As the q-Selberg measure deforms continuously to the non-archimedean measure and the q-cellular basis converges to the cellular basis, the Stokman BC n polynomials must converge to the idempotents up to constants. Our normalization in definition (5) is designed to eliminate these constants, as for idempotents we have e λ 2 = e λ (1). 2
The following diagram is a summary of all the limits considered here and their relations. 
Dimensions of the irreducible representations
The function should interpolate between the dimensions of the irreducible representations which correspond to λ for all local fields. So far, no explicit formula is known.
Haran's process
The case m = 1 was proved by Haran in [15] . Haran also constructs discrete random processes in order to obtain the bases for the archimedean places, the non-archimedean places and the q-case. The bases are defined on the Martin boundary of the processes. It would be interesting to find a generalization of these processes in the case of Grassmannians.
Other algebraic groups
Another inviting venue for exploration can be found by considering other maximal compact subgroups of (reductive, split) algebraic groups and natural multiplicity free representations of them. The finite analogue of such representations can be found in [24] , in which such representations of Chevalley groups over finite fields are studied. These can be considered as the level one part of representations of the same groups considered over O:
(e.g. when G(O) = K Kp ). For example, the particular case of GL n (O/℘), which admits the |O/℘| −1 -Hahn polynomials as idempotents, is just the first term in the filtration described in §2.1.
